We propose actions for non-linear sigma models on cosets G/H in 2+1 dimensions 
A complete characterization of invariant effective actions for Goldstone boson fields due to the spontaneous breakdown of a symmetry group G to a subgroup H was recently obtained in Ref. [1] . In addition to manifestly G-invariant contributions arising from invariant Lagrangian densities, there may in general be special terms in the action that do not correspond to invariant Lagrangian densities. These special actions were shown to be in one to one correspondence with non-trivial generators of the de Rham cohomology of G/H. They comprise the Wess-Zumino-Witten terms [2] but may also receive contributions involving Goldstone-Wilczek currents [3] . For 2+1 dimensional space-time M 3 , the special classical actions are given by
Ω(π) (1) where Ω(π) is a cohomology generator of degree 4 belonging to H 4 (G/H; R), B 4 is a four ball with boundary M 3 andπ is a field on B 4 that continuously interpolates between the original Goldstone field π(x) and the field 0.
In this letter, we determine explicitly the most general form of special classical actions in 2+1 dimensions and the quantization conditions for the associated coupling constants.
Furthermore, when G is simply connected and H contains r independent commuting U (1) factors, there are r different topologically conserved currents with associated charges Q i and r different species of topological solitons. We derive Bogomolnyi bounds on the masses and show that in general soliton spin fractionalizes as a function of the non-linear ChernSimons coupling constants and the soliton charges. In addition to a fractional spin for each species of soliton charge, there are also spin factors associated with pairs of different charges. This model of soliton spin fractionalization generalizes to arbitrary G/H the models considered for G/H = S 2 by Wilczek and Zee [4, 5] , and for G/H = CP N in [7] , where only one species of solitons occurs. (See also [8] for applications in condensed matter physics.)
We begin by constructing the most general special actions of (1). All cohomology generators were constructed in Ref. [9] , and may be conveniently expressed in terms of the components of the Maurer-Cartan connection defined by
takes the form Ω(π) = Ω 0 (π) + Ω 1 (π) + Ω 2 (π) with
Here, Ω 0 (π) is a generator with trivial cohomology which is the exterior derivative of a manifestly invariant 3-form, W α is the field strength of the H-valued connection V with components V α = θ α and m αβ is a symmetric tensor on H, invariant under the adjoint action of H. The differential forms Ω 1 (π) generalize the well-known tr FF term in four dimensions, and may similarly be written as total exterior derivatives of generalized ChernSimons terms [10, 11] . The contribution Ω 2 (π) arises when cohomology generators of degree
, are also present; this happens only when G/H is not simply connected. In the expression for Ω 2 (π), µ 1 , µ 2 and µ 3 are arbitrary coefficients, anti-symmetric in their σ indices, and σ, α i and ρ running over the generators
The subgroup H admits the following decomposition into q connected, simply connected, simple Lie groups H p , p = 1, · · · , q, times r commuting U (1) factors and a finite discrete subgroup D :
The invariant tensor m αβ decomposes under this product and reduces to the Cartan-Killing form on the simple factors H p . As a result, the effective actions in Eq. (1) may be rewritten
and
Here, S 0 [π] contains only manifestly invariant contributions, such as kinetic terms with two derivative, Skyrme terms with four derivatives and possibly higher order derivative terms. µ 2 or µ 3 to be quantized in integer multiples of some basic units [10, 11] . Precisely which of these coupling constants must be quantized depends upon the topology of space-time For simplicity, we shall henceforth assume G simply connected, H connected (with the discrete subgroup D = 1), so that G/H is simply connected, H 1 (G/H; R) = 0 and the contribution S 2 [π] vanishes identically. As a result,
⊕ r Z, and there exist r independent topologically conserved currents which are proportional to the U (1) r field strengths W α l = dV α l . Their associated conserved topological charges are given by
Gauging these topological currents yields an equivalent representation of the special action S 1 of (4), considered here just for m 2 = 0. To see this, we consider
The associated Euler-Lagrange equation for B i can be solved explicitly in terms of V α j and arbitrary gauge transformation functions ω i :
Thus, B i is not a dynamical field, even though it enters (6) Topological solitons, labelled by r independent charges Q i , i = 1, · · · , r arise in these models. Mathematically, these solitons are identical to 1+1 dimensional instantons on coset spaces G/H [12] . Physically, they strongly resemble 't Hooft-Polyakov magnetic monopoles in 3+1 dimensions [13] , produced by the spontaneous breaking of a semi-simple group G to a subgroup H containing r commuting (electro-magnetic) U (1) factors. (See also [14] .) The precise shape of the soliton solution depends upon the nature of the action 
They take on integer values provided θ a m falls off sufficiently rapidly as | x| → ∞. The most general kinetic action with just two derivatives can be expressed as
Here, K ab is symmetric with positive eigenvalues, and U (1) r invariance requires a i + b i = 0 for all i = 1, · · · , r. When r < rank G, the sum over a and b may in principle also contain terms from Cartan generators h i , i = r + 1, · · · , rank G which are not in U (1) r . In particular, when non-trivial simple components H p are present in H in addition to U (1) r , K ab should be invariant under H p . Henceforth, to simplify the discussion, we shall assume that K ab vanishes unless a and b are opposite roots (This is always the case when rank G = rank H.) and K a −a ≥ 0 for all positive roots a.
The masses of topological solitons obey Bogomolnyi type bounds [15] at the classical level. To derive those, we start from the following identity, valid for a fixed root T a .
(m, n = 1, 2 run over space coordinates only.)
Let λ be a vector with components λ i which is independent of the roots a and such that for all positive roots,
(The vector λ is naturally proportional to a vector in the lattice dual to the roots a, which can be viewed as a highest weight vector of some irreducible representation of G.) For a given set of constants K a −a , there may be several possible choices for λ. For each choice, we obtain the following bound on the energy E[π] of any static configuration π(x) :
The lower bound can be saturated under the following conditions on the various roots : if
Thus, the Maurer-Cartan form θ m lives in a subalgebra of G in which all roots have N a = 0.
Solutions may be found explicitly in terms of analytic functions using techniques of [12, 14] . The simplest case is when the soliton lives in an SU (2) subgroup of G which contains a generator of the Abelian U (1) factor U (1) r in H. Then, the SU (2) subalgebra is spanned by a Cartan generator h ∈ U (1) r and by the roots T c and T −c . The MaurerCartan form for a configuration that satisfies the Bogomolnyi bound vanishes for all roots except c and −c, and we have
The Cauchy-Riemann equations of (13) 
Here f −c and f h are arbitrary functions of z andz, f c is holomorphic in z, and one imposes the additional requirement that U (z,z) be in G. For SU (2) in the fundamental representation for example, we have
with the requirement that ( (1) we take H = U (1) the subgroup generated by the Lie algebra generator λ 8 ∼ diag(1 1 − 2), which does not belong to any SU (2) subalgebra of SU (3). There is only a single conserved current, W λ 8 , which uniquely determines the soliton charge. Clearly, W λ 8 is invariant under local SU (2) right multiplications of U that commute with λ 8 . As a result, W λ 8 projects down to a well-defined closed 2-form on the coset of G/H by SU (2) which is (1)). On this space, W λ 8 is just the Kähler class, whose structure is well-known [16] . More generally, when r < rank G, one may use the methods that generalize our discussion for SU (3), by forming cosets of G/H by subgroups of G that leave the relevant W α i invariant, until one arrives at a space G/H ′ with rank H ′ = rank G.
These spaces can be viewed as classifying spaces [17] for the second cohomology classes of
The Bogomolnyi bounds guarantee that the solitons obey the field equations, but they allow for the possibility that some solutions correspond to multi-particle configurations. In general, the analysis of stability is complicated by the arbitrariness of the kinetic energy coefficients K a −a in (9) The soliton spin was evaluated in [4, 5] for G/H = S 2 by considering the change in the action under a rotation of the soliton configuration. Generalization of this method to arbitrary G/H is straightforward only when the solitons are embedded into G in a simple way, as discussed above. Parametrizations of solitons in more general embeddings however is cumbersome. Fortunately, a simple determination of soliton spin is available directly from current algebra [6] at the classical level, which we shall make use of here. We set given in (9) . Following [6] , the definition of spin is through the stress tensor
The stress tensor T µν is constructed as the variation of the action under the cahnge of an auxiliary background space-time metric tensor, and thus receives no contribution from the topological part of the action, S 1 [π]. We find
where Π a 0 (x) is the part of the momentum canonically conjugate to π a , arising only from the action S 0 with Lagrangian density L 0 . It is related to the full canonical momentum Π a , by the addition of a term involving only the action S 1 :
where M bd is defined by θ n in terms of the topologically conserved current W α j . It is then straightforward to work out the formula for the contribution to the spin arising from the non-linear ChernSimons term S 1 , and we find
The first term on the right hand side is the standard spin, which in canonical quantization receives only integer contributions. The second term arises purely from the non-linear Chern-Simons term. While the values of Q i are integers for configurations that fall off sufficiently fast at spatial infinity, the coupling constants m ij 1 do not have to be quantized in general. As a result, the non-linear Chern-Simons contribution to the spin J is in general fractional. When there is only a single topologically conserved charge, we recover the expression of [6] . However, for several different conserved charges, the off diagonal entries in m ij 1 contribute and add spin from the presence of several different charges Q i .
